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Mixing by chaotic ad®ection is studied in a new 3-D flow geometry. It consists of two
confocal elliptic cylinders whose inner and outer boundaries glide circumferentially so
that the geometry does not ®ary with time. Dye ad®ection experiments ha®e been per-
formed and compared to numerical streak lines calculated using the analytical solution
of Stokes’ equations in elliptical cylindrical coordinates. Experiments show that particle
trajectories remain for all practical purposes inside tubes defined by the potential mixing
zone during the whole process. For the case where the elliptic cylinders turn time period-
ically in opposite directions, we examine the effect of the modulation frequency of the
boundary displacement protocol by defining appropriate dimensionless control parame-
ters and then numerically monitoring the ad®ection of a passi®e scalar. It is shown that
for a gi®en a®erage axial ®elocity, there is an optimum modulation frequency that maxi-
mizes the mixing enhancement due to chaotic ad®ection.

Introduction

Chaotic advection in devices where fluid flows in tubes of
uniform cross section is an interesting alternative to static
mixers when a substance is to be blended into a very viscous
fluid. In some important industrial cases, the transport and
mixing of highly viscous fluids through a static mixer leads to
pressure drops that are so high that the process becomes eco-
nomically unfeasible. The earliest mathematical work on
chaotic advection was performed by Poincare and appears in´

Ž .his work on celestial mechanics Poincare, 1893 . However, it´
Ž .was the article by Aref 1984 on a blinking vortex flow that

has sparked the recent interest on the subject.
Chaotic particle trajectories are possible in both periodic

Ž . Ž .two-dimensional 2-D flows and in three-dimensional 3-D
Ž .flows Ottino, 1989 . However, most numerical and experi-

mental studies are concerned with 2-D periodic systems; in
other words, with batch mixing. For the journal-bearing flow,
a configuration that has been widely studied both theoreti-

Ž .cally and experimentally, Chaiken et al. 1986 and Swanson
Ž .and Ottino 1990 have constructed a rotating eccentric cylin-
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der apparatus to visualize streamlines when the two cylinders
turn at constant angular velocities, and to study chaotic ad-
vection when the boundaries are displaced either one at a
time or with angular velocities that vary periodically in time.

Several tools have been developed to study mixing in these
flows. The starting point, whenever it is available, is the ana-

Žlytical solution of Stokes’ equations inertial effects are not
important when the Reynolds number is below unity, as is

.the case here and in the literature cited for constant bound-
ary conditions. When the boundary motion is time-periodic,
the analytical solution at the instantaneous values of the
boundary velocities is assumed to hold. This assumption is
only valid when both the Reynolds and the Strouhal numbers
are small. For this pseudo�steady flow, dye advection experi-
ments can be compared successfully with numerical simula-
tions based on the analytical solution. Poincare sections can´
be plotted easily for 2-D flows. A Poincare section tells if a´

Žgiven location in the flow is regular or chaotic for the given
.boundary displacement protocol . However, Poincare sec-´

tions do not give any indication on the mixing rate. Other
quantities that can be calculated using the steady-state flow

Žfield are the periodic points, the stretching field Swanson
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.and Ottino, 1990 , and the analogous heat-transfer rate
Ž .Ghosh et al., 1992 . In conjunction, all these tools provide
the engineer with a method to optimize somewhat the mixing
process, apparatus, and boundary displacement protocol.

A similar flow concerns fluid between two confocal elliptic
cylinders that glide circumferentially so that the geometry re-
mains invariant. The equations of motion can be written in
elliptical cylindrical coordinates that are orthogonal and simi-
lar to bipolar coordinates. However, unlike bipolar coordi-
nates, elliptical coordinates do degenerate into cylindrical co-
ordinates as the eccentricity of the inner ellipse tends toward

Ž .unity or the focal radius tends toward zero . The analytical
solution of Stokes’ equations in elliptical coordinates has been

Ž .obtained by Saatdjian et al. 1994 .
An elliptic mixer working on this principle has been con-

Ž .structed by Saatdjian et al. 1996 . Although the apparatus is
more complicated to build and operate than the eccentric
cylinder system, it possesses two main advantages as far as
mixing is concerned. The first advantage is that this geometry

wpossesses two symmetry axis instead of one see, for example,
Ž .xFranjione et al. 1989 . The second advantage is topological,

the steady counterrotating case exhibits two saddle points in
the regions of minimum gap. Thus, by their disruption, fluid
is allowed from one closed region into another at two differ-

Žent locations, so one can expect twice as much gain from
.chaotic advection , as in the journal-bearing flow. Another

point is that the counterrotating case becomes more chaotic
as the eccentricity of the inner ellipse is increased without
increasing the size of the regular region. This is not the case
in the journal-bearing flow, where a compromise must be

Žfound between eccentricity here the distance between the
.centers of the cylinders and the size of regular islands in the

region of maximum gap, as shown in Aref and Balachandar
Ž .1986 . In a theoretical study on the journal-bearing flow,

Ž .Kaper and Wiggins 1993 conclude that the best boundary
displacement protocol is one where the angular velocity ratio
varies over the widest range for a very small value of the
eccentricity.

However, industry is often interested in continuous mixing
and not in batch processes. Although some theoretical and
numerical work is available on several three-equation chaotic
dynamical systems, such as the Lorenz equations or the ABC

Žflows which are highly simplified models of fluid flow in par-
.ticular situations , there are not many chaotic advection stud-

ies in 3-D open flows that have been constructed experimen-
tally. Two exceptions are the twisted-pipe flow, which has

Ž . Ž .been studied by Jones et al. 1989 , Acharya et al. 1992 , and
Ž .Peerhossaini et al. 1993 , and the partitioned-pipe mixer

Ž .Khakhar et al., 1987 . In the twisted-pipe flow, chaotic tra-
jectories are created by primary and secondary Dean vortices
in the curved and twisted geometry. However, as in static
mixers, there is no control parameter, and a closed-form ana-
lytical solution valid for all cases is not known. To improve
the mixing process, one must change the geometry of the tube,
for example, by increasing the number of bends or by modify-
ing the static mixer length.

If an axial velocity component is superimposed onto the
eccentric cylinder system, the flow becomes 3-D, and is known

Ž .as the eccentric helical annular mixer EHAM . In this case,
one can control the mixing process by varying the displace-
ments of both cylinders. An apparatus that does precisely this

Ž .was constructed by Kusch and Ottino 1992 and experimen-
tal streak lines were compared to numerical results obtained
using the analytical solution of the 3-D Stokes equations. In
3-D flows there are just a few analytical or numerical tools

Žthat can be used to optimize this process for example,
Poincare sections are of practically no use and give very little´
information since they are time periodic; a given location can

.be chaotic or regular, depending on the time instant and
much work is yet to be done on this issue.

In this article, we first describe a new experimental setup
that we have constructed for 3-D mixing studies. It consists of
two confocal elliptic cylinders with axial flow. Both the inner
and outer boundaries can be displaced circumferentially time
periodically. As has been shown previously, although more
difficult to build, this flow geometry should be more effective
for mixing than the EHAM. Dye advection experiments are
performed and compared with success to numerical streak
lines. We then look at the important problem of optimizing
the boundary displacement protocol. We first define two di-
mensionless control parameters obtained by scaling the
cross-sectional velocity protocol with respect to the mean res-
idence time in the mixer. We then study how fluid with
nonuniform distribution of a passive scalar behaves inside the
mixer. For a given geometry we show that an appropriate
choice of the two control parameters leads to a more effec-
tive mixing.

The Flow Between Confocal Elliptic Cylinders
The 3-D analytical solution of the equations of motion in

elliptical cylindrical coordinates and for constant velocities of
both boundaries is given in this section. Consider two verti-

Žcal, confocal elliptic cylinders Figure 1 shows the cross-sec-
. w xtion . Elliptical, cylindrical coordinates u, ®, z are defined

by the following transformations

xsa cosh u cos ®, ysa sinh u sin ®, zs z

where a is the focal radius. This coordinate system is orthog-
wonal, and the metric coefficients in the three directions hu

x,h , h are® z

2 2'h sh shsa cosh uycos ® , h s1u ® z

As shown in Figure 1, the inner and outer ellipses are de-
fined by the curves usu and usu , respectively.1 2

Both the inner and outer walls can glide circumferentially at
a prescribed velocity. Notice that the geometry does not vary
with time. The equations of motion for an incompressible,
Newtonian fluid when inertia is negligible are

��Vs0, �Ps��2V

where � is the fluid dynamic viscosity.
w xSince the two tangential velocity components hV , hVu ®

can be obtained independently from the axial flow, it is obvi-
ous that the axial velocity component V is independent ofz
the axial coordinate z, that is

� Vz s0
� z
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Figure 1. Cross-sectional area of 3-D mixer and ellipti-
cal cylindrical coordinates notation.
The confocality condition sets a relationship between the axis

y1Ž .'of the outer ellipse, b ra s1y s 1q 1y s , where ss2 2
Ž .2w Ž .2 xa ra 1y b ra .1 2 1 1

In this case, the axial component of the equations of motion

h2 � P � 2V � 2Vz zs q2 2� � z � u � ®

can be solved independently of the other two components. It
1is for this reason that this flow is said to be 2 -D by some2

researchers. Its solution is obtained using the separation-of-
variables technique, it is

a2 dP
V u , ® s G u qG u cos 2®w xŽ . Ž . Ž .z 0 18� dz

Ž . Ž .where the functions G u and G u are0 1

cosh 2u ycosh 2u1 2
G u scosh 2uq uŽ .0 u yu2 1

u cosh 2u yu cosh 2u1 2 2 1q
u yu2 1

and

sinh 2u ysinh 2u1 2
G u s1q cosh 2uŽ .1 sinh 2 u yuŽ .2 1

cosh 2u ycosh 2u2 1q sinh 2u
sinh 2 u yuŽ .2 1

The two tangential components of the equations of motion
Ž .were solved previously by Saatdjian et al. 1994 , so only a

brief summary is given here. If the axial vorticity is labeled �,
and defining a stream function � such that

�� ��
hV sy , hV su ®� ® � u

the two equations can be written in a � � � formulation as

� 2� � 2� � 2� � 2�
2q s0, q sh �2 2 2 2� u � ® � u � ®

The preceding equations can be solved analytically by a
Fourier series expansion. The stream function is shown to be
of the form

�

� s F u cos 2n®Ž .Ý n
ns 0

where

F u s A qB uqC cosh 2uqD sinh 2u ,Ž .0 0 0 0 0

F u s A cosh 2uqB sinh 2uqC qC cosh 4uŽ .1 1 1 0 1

qD sinh 4u ,1

F u s A cosh 2nuqB sinh 2nuqC cosh 2 ny1 uŽ . Ž .n n n ny1

qD sinh 2 ny1 uqC cosh 2 nq1 uŽ . Ž .ny1 n

qD sinh 2 nq1 uqD sinh 2 nq1 uŽ . Ž .n n

and A , B , C , and D are constants determined from then n n n
boundary conditions.

With the analytical expressions for the three velocity com-
ponents one can construct a three-equation dynamical sys-
tem, which is solved numerically when the boundaries are
displaced time periodically. Trajectories of material points,
streak lines, and other kinematical tools for the analysis of
mixing in this flow geometry can be developed using this ana-
lytical solution. In this work, passive tracers were advected in

Ž .the flow using the DASSL code Petzold, 1982 , which is a
variable step-size variable order implementation of the back-

Ž .ward differentiation formulas Gear, 1971 .

Experimental Setup
The experimental apparatus is shown in Figure 2. A rect-

angular casing contains the two gliding confocal ellipses. The
experiments are monitored through the view window, which
extends from top to bottom on two sides of the rectangular
casing. The space between the outer ellipse and the rectangu-
lar casing is filled with working fluid in order to reduce opti-
cal distortion from the outer ellipse curvature.

The working fluid first enters an input zone, passes across
a settling plate, and then flows vertically downwards between
the two confocal elliptic cylinders. Once the fluid has flowed
through the working section, it goes into a drain tank. The
lengths of the minor and major axes of the inner ellipse are,
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Figure 2. Experimental setup.

respectively, b s0.02 m and a s0.04 m. The outer ellipse1 1
has a major axis a that is 0.1 m long and the length, b s2 2
0.938 m, of its minor axis is imposed by the confocality condi-
tion. The axial length of the cylinders is Ls0.6 m.

The inner and outer elliptical boundaries are displaced by
GEC-Alsthom RTR 60r8 motors, which are fixed to the sup-
port block. The displacement of the two motors is monitored
via a PC with an ADA 2100 analogicalrdigital converter. Ob-
viously one of the main difficulties of this apparatus is creat-
ing the elliptic motion of the two boundaries. Figure 3 shows
the guiding mechanism of the inner ellipse. The inner bound-
ary, a solid elliptic cylinder, has two transmission wheels that
are entrained by one motor via a belt. The transmission
wheels displace an outer PVC plastic film, which is 2�10y4

m thick and is attached to its surface. All moving mechanisms
are lubricated with the working fluid.

A sketch of the displacement of the outer boundary is
shown in Figure 4. The elliptical boundary displacement is
obtained via four transmission wheels, a motor, and a belt. A
thin PVC film that is both transparent and resistant covers
the outer cylinder. At the top and the bottom of the appara-

Figure 3. The inner ellipse displacement mechanism.

Figure 4. The outer ellipse displacement mechanism.

tus, the film was strengthened with a more resistive plastic. It
was pierced with small holes in order to make the elliptic
guiding motion feasible. This allowed us to perform at least
four experiments without breaking the PVC film.

The fluid employed in the experiments is EMKAROX di-
luted with water so that it behaves like a Newtonian fluid.
The fluid density and viscosity are �s1,097 kg �my3 and �
s6.28 Pa � s, respectively. The colored fluid was either rho-
damine or fluorescein diluted in EMKAROX and water so
that the density is the same as the working fluid.

The tracer is injected into the fluid at a specified location
in the working zone via a pressurized needle. The average
axial velocity or the fluid-average flow rate are controlled by
a valve at the exit of the apparatus. Special care was taken to
eliminate most of the air bubbles in the viscous fluid. To do
this, fluid was continuously fed into the apparatus from a
reservoir above it.

The experimental procedure and suggestions described in
Ž .Kusch and Ottino 1992 were followed here. In particular,

the system was run for several minutes until steady-state con-
ditions were obtained. The axial and tangential Reynolds
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numbers in our experiments are typically

² :� V a yaŽ .z 2 1
Re s s0.005axial �

�� hV a yaŽ .Ž . u® 2 12Re s s0.1tang �

² : Ž . �where V is the average axial velocity and hV is theuz ® 2

tangential velocity of the outer ellipse. These are well within
the Stokes flow assumptions. The Strouhal number in the ex-
periments, defined as

� a yaŽ .2 1
Srs

�hVŽ . u® 2

where � is the modulation frequency of the inner ellipse, is
typically of the order of Srs0.003. The experimental setup

Ž .is also described in Leprevost 2000 .´

Experimental Results and Discussion
Although it has not yet been stated before, the values of

some of the parameters defining this apparatus were chosen

Žusing results obtained from a study of the 2-D flow Saatdjian
.et al., 1996; Leprevost and Saatdjian, 1998 . In particular, the´

cross-sectional parameters that define this geometry, a ra s2 1
2.5 and b ra s0.5, the direction of motion of the two1 1

Žboundaries the counterrotating case is the only one consid-
.ered here , and the time-periodic modulation of the inner

ellipse have been assigned values that ensure rapid mixing in
the 2-D flow. A compromise in the value of geometrical pa-
rameters is nevertheless necessary, because the construction

Ž .of an ellipse with a very small value of its eccentricity b ra1 1
is a major technological difficulty. For the 2-D problem, the
counterrotating case is the most interesting one because it
contains saddle points. Furthermore, as in the journal-bearing
flow, the hyperbolic saddle points are displaced from one
boundary to the other when the instantaneous angular veloc-
ity ratio changes. It is for this reason that Swanson and Ot-

Ž .tino 1990 investigated the 2-D blinking, counterrotating
flow. However, in their 3-D EHAM study, Kusch and Ottino
Ž .1992 only consider blinking co-rotation. Perhaps this is due
to the fact that this boundary displacement exhibits hetero-
clinic trajectories in the 2-D periodic case.

Figure 5 shows experimental streak lines for the first 5 pe-
riods of an experimental run. The important parameters are:
² : y4V s4.5�10 mrs; the outer boundary is moving at thez

( ) ( )Figure 5. Experimental top and numerical bottom streak lines for the first 5 periods of a continuous boundary
displacement protocol.

Ž .The geometric parameters see Figure 1 are: a s 0.04 m, b s 0.02 m, a s 0.1 m, Ls 0.6 m; the corresponding cross-sectional geometric1 1 2
ratios are: a ra s 2.5 and b ra s 0.5. The inner ellipse turns with a periodic angular velocity defined by Eq. 1; the outer ellipse turns at the2 1 1 1

� ² : y3constant angular velocity V sy1 rpm; the average axial velocity is V s 4.5�10 mrs.u® z2
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�constant angular velocity, V sy1 rpm, and the inneru® 2

boundary is turning in the opposite direction with a periodic
angular velocity

�V t s1q0.9 cos � t rpm, �s6 radrmin 1Ž . Ž . Ž .u® 1

This run is compared to streak lines obtained numerically.
The numerical simulation is based on the analytical solution
of the 3-D laminar flow with constant boundary conditions.
As mentioned earlier, we assume that the flow is pseu-
dosteady.

The agreement between experiment and the numerical
simulation is excellent for the first three periods, and it is
quite good for the next two. The first five periods of this
experiment correspond to a time slightly greater than 5 min.
Now, chaos can be defined as sensitivity to initial conditions.
So, although much care was taken in adjusting the boundary
displacements to their prescribed value and in determining
the position of the tracer injection point, there is always an
experimental uncertainty. A slight discrepancy between mea-
sured and true values will lead, after a certain number of
periods, to a big difference in the final result. In this experi-

Ž .ment, we have measured numerically the length of the streak
line after five periods: it is approximately 30 m long.

Another experiment can serve to illustrate the chaotic be-
havior of this system. The trajectories of particles in the mixer
can also be calculated using the dynamical system of three
differential equations for this flow. To illustrate this, we use

² :the same geometrical parameters, but a higher value of V ,z
in order to reduce the average residence time in the mixer.
In this numerical experiment five particles are injected from
the same location at intervals of 10y3 s. Figure 6 shows dif-
ferent views of this experiment. From the side views, one can
see that the particle trajectories start to diverge from one
another only after a small axial distance, z, has been covered.
The top view also shows the particle trajectories. Although
the 3-D periodic flow is not a Hamiltonian system, as is the

Figure 6. Side and top views of particle trajectory simu-
lations.
The geometric parameters and velocity protocol are identi-
cal to those of Figure 5, except for the average axial velocity,

² : y3which is V s10 mrs.z

2-D periodic flow, some information is common to both sys-
tems. If a 3-D trajectory is plotted on a plane, as is done in
Figure 6, the tracer will be delimited by approximately the
same region as that given by the potential mixing zone de-

Ž .fined by Kaper and Wiggins 1993 for the eccentric cylinder
Ž .system and by Leprevost and Saatdjian 1998 for the confo-´

cal elliptic geometry considered here. The tracer trajectory
seems to be bounded by vertical tubes and does not move
into regular regions near the two boundaries. Simulations with

Ž .the eccentric cylinder system Rodrigo et al., 2002 have led
to the same result. Unlike most tools available for the peri-

Ž .odic 2-D flow such as Poincare sections , which are of little´
use in 3-D flows, the potential mixing zone seems to give
information that can be transposed to the 3-D flow. More on
this subject is given in the next section when Figure 9 is dis-
cussed.

Mixing Enhancement by Time-Periodic Modulation
In this section we look at the fundamental problem of find-

ing a set of optimum operating conditions for our 3-D mixer.
In particular, questions that should be ultimately answered
are: How should the boundaries be displaced? What is the
appropriate value of the average flow rate? What mixer length
is required? Obviously, answers to all of these questions must
be given before such an apparatus is to be used in a given
process. The procedure presented here is derived from a sim-

Žilar analysis that we have made for the EHAM mixer Rodrigo
.et al., 2002 .

The full optimization of our 3-D mixer, geometry, and op-
erating protocol, is beyond the scope of the present article.

Ž .However, if some choices which are not too restrictive are
made first, the task just mentioned becomes feasible here. To
begin, the cross-sectional geometry is specified: it is the same
as that of our experimental setup. Furthermore, the inner
and outer boundaries are assumed to turn in opposite direc-

Ž .tions counterrotating case , with the outer cylinder turning
at a constant velocity and the inner cylinder turning at a ve-
locity that varies time periodically, as given by Eq. 1. How-
ever, here the optimum modulation frequency is yet to be
determined, and we examine its effect on the mixing en-
hancement. Finally, the average angular velocity ratio

� � ŽV rV sy2 is fixed. Obviously, a much lower value foru u® ®1 2

.example, y5 would probably lead to better results, since the
Ž .saddle points in the 2-D periodic flow would be displaced

over a greater distance. Again, a compromise must be found
to place the parametric study within the operating constraints
of our experimental apparatus.

To optimize �, we first define two dimensionless control
parameters that scale the boundary displacement with re-

² :spect to the average residence time 	 sLr V of the fluid inz
the mixer. The first one is a measure of the number of turns
that the cylinder makes per fluid residence time in the mixer.
This number is

�V 	usu® 2N sT 2


The second one, N , defined asP

�	
N sP 2
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is a measure of the number of modulation periods of the
inner cylinder per residence time in the mixer. According to
the choices just given, N is fixed at 30, but N has not beenT P
assigned a value, because the most appropriate value of the
modulation frequency is yet to be determined.

There are several tools or tests that one may perform on
the mixer to compare between the efficiency of two distinct
mixing protocols. Most theoretical tools for studying mixing,
such as Poincare sections, the stretching distribution of mate-´
rial lines, or simulated blob-deformation experiments, rely on
Lagrangian simulations of particle tracking. Although La-

Žgrangian tools possess many advantages namely, the possibil-
ity of addressing the important limit of scalar transport at

.infinite Peclet number , they are computationally inefficient´
for a parametric study, because no information can be trans-

Žposed from one run to another such as initial guess of the
.solution . The method adopted here is a numerical experi-

ment consisting of introducing fluid with a nonuniform distri-
bution of a passive scalar into the mixer and monitoring its
behavior in an Eulerian framework at high Peclet number.´
The better protocol is the one that results in a more uniform
distribution of the passive scalar at the outlet. Without loss
of generality, we take the fluid temperature as the passive
scalar. The procedure is described below.

For a given 3-D periodic velocity field, V , obtained analyti-
cally, the temperature field inside the mixer is obtained by
solving numerically the convection-diffusion equation

� T
2qV ��Ts�� T 2Ž .

� t

with adiabatic boundary conditions. Here � is the thermal
diffusivity of the fluid. Defining the mixed mean tempera-
ture, as usual, at any cross-section and any instant of time as

1
² :T s V TdA, As
 a b ya bŽ .HH z 2 2 1 1² :A V Az

the standard deviation � � of the temperature distribution at
the same instant and axial location is

1 22� ² :� s V Ty T dAŽ . Ž .HH z² :A V Az

Since this process is time periodic, the standard deviation,
at a given axial location, is also time periodic once the steady
periodic regime has been reached. Under these conditions, a
steady value of � � can be obtained by averaging � � over the
duration 2
r� of the period of modulation, that is

� tq2
r�� �� s lim � dtH2
t™� t

�Finally, we normalize the value of � with respect to the
inlet standard deviation � �

0

� �� s� r�0

All the numerical work presented here was done for an
² :axial Peclet number Pes V Lr�s5,000. This value is ap-´ z

Figure 7. Standard deviation � of temperature field at
the exit of the mixer, under steady periodic
conditions, as a function of the number of
modulation periods, N , of the inner ellipse.P

Ž .The cross-sectional geometric parameters see Figure 1 are:
a ra s 2.5 and b ra s 0.5. The number of turns of the outer2 1 1 1
ellipse per residence time in the mixer is N s 30. The outerT
ellipse turns at constant angular velocity, while the inner one
turns time-periodically in the opposite direction, as given by
Eq. 1, with modulation frequency defined by the corre-
sponding value of N . The average angular velocity ratio isP

� �V rV sy2.u u® ®1 2

propriate for viscous organic liquids such as those considered
here. We employed the computational fluid dynamics pack-

Ž .age FLUENT version 5.4 for the numerical solution of the
3-D convection�diffusion equation, Eq. 2. The velocity com-
ponents of the flow field were computed using the analytical
solution of the 3-D laminar flow with the pseudo-steady flow
assumption. The geometry was mapped to elliptical cylindri-
cal coordinates on a structured grid employing 40�80�50
Ž .u, ®, z points covering the whole mixer domain. The nu-
merical scheme employs a second-order implicit approxima-
tion of the time derivative and second-order upwind dis-
cretization with flux correction for the convection terms
Ž .Barth and Jespersen, 1989 . When applied on an orthogonal
grid, such as the one employed here, this differencing scheme
is very effective at minimizing numerical diffusion. Prelimi-
nary experiments using different grid sizes confirmed this as-
sumption. At each time step, the linearized form of the dis-
cretized scalar transport equation was solved using a point-

Ž .implicit Gauss-Seidel linear equation solver in conjunction
Žwith an algebraic multigrid method Hutchinson and Raithby,

.1986 to ensure fast convergence.
Figure 7 shows the exit value of � as a function of N forP

N s30. Obviously, the better protocol is the one for whichT
the value of � is lower at the exit. Notice that there is a

Ž .given value of N N s40 here that minimizes the value ofP P
� at the exit. The presence of an optimum value of the inner
cylinder modulation for which mixing is more effective has

Ž .also been observed in the EHAM mixer Rodrigo et al., 2002 .
This result is, in a way, similar to the one obtained by Ghosh

Ž .et al. 1992 in the 2-D periodic journal-bearing flow. How-
ever, in 3-D flows, specifying the value of the modulation fre-
quency is not enough. The value of the average flow rate is
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also required. The existence of an optimum modulation fre-
quency that maximizes the enhanced transport in 2-D open
cavity flows also has recently been observed by Horner et al.
Ž .2002 . Overall, these results demonstrate that the mixing rate
can be enhanced by properly tuning the modulation fre-
quency of the boundary displacement protocol without any

Ž .extra effort per period .
The results of Figure 7 can also be presented by showing

the exit temperature distribution using a color code; this is
done in Figure 8. For reference, the inlet distribution is shown
at the top. The outlet temperature distribution is plotted for

four different values of N , namely 0, 16, 40, and 64. TheP
plots on the left use the same color code as that of the inlet
distribution. The plots on the right are drawn with a nar-
rower color range in order to highlight even further small
differences in the temperature distribution. Notice that the
exit distribution for N s0 is not very different from the oneP
with N s64. In both plots, the orange layer near the outerP
cylinder is quite thick and the end result is not very homoge-
neous. For N s16, and more so for N s40, the exit distri-P P
bution is much more uniform and the orange layer near the
outer wall is thinner.

Figure 8. Outlet temperature distribution as a function of N for N s30.P T
Ž . ŽThe geometric parameters and the velocity protocol are the same as in Figure 7. The values of N are: 0 no modulation , 16, 40 optimumP

.modulation , and 64.
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Figure 9. Streak lines plotted for the same conditions
as in Figure 8.

Ž . Ž .Plots a � d show a cross-sectional view from the inlet of
Ž . Ž .the streak-line for the corresponding value of N : a 0, bP

Ž . Ž .16, c 40, d 64. The dotted lines represent the streamlines
passing through the maximum and minimum saddle points.

Ž .The bottom drawing e shows a lateral view of the streak
line for the case N s 40.P

For the same values of N and for N s30, streak linesP T
have been calculated and plotted on a plane. This is shown in
Figure 9. For reference, the maximum and minimum saddle

Ž .points from which the potential mixing zone can be inferred
Žare also plotted. The same injection point in the region of

.maximum gap was used in all simulations. Notice that for
the case giving the best mixing, that is, for N s40, the streakP

Ž .line is very chaotic Figure 9c . This is not the case for the
other values of N . Furthermore, all along the mixer, theP
streak lines remain roughly in the potential mixing zone. The
highly chaotic streak line obtained for N s40 is shown as aP
function of the axial coordinate in Figure 9e.

Conclusions
An experimental setup used to study the chaotic 3-D lami-

nar flow between confocal elliptic cylinders was built. This

2-D mixer geometry has been shown to possess certain ad-
vantages over the journal-bearing flow and could thus lead to
more effective mixing. The experimental streak lines ob-
tained were successfully compared to numerical calculations
based on the analytical solution for the constant boundary-
displacement case. This result is proof that both the experi-
mental setup and the numerical solution of the dynamical
system of three differential equations, with the pseudo-steady
flow assumptions, are valid here. For the 3-D flow, particle
trajectories stay in a region bounded by the vertical extension
of the potential mixing zone. Although most tools used from
the 2-D periodic flow are not useful here, the potential mix-
ing zone seems to give a good estimate of regions where the
trajectories will not go.

The effect of the modulation frequency was examined for
the case of continuous, counter-rotation of the boundaries.
For the class of periodic modulations considered here, the
mixing rate depends on two dimensionless control parame-
ters, N and N , which scale the cross-sectional stirring pro-T P
tocol with respect to the characteristic residence time. It is
shown that for a given geometry and average axial velocity,
there is an optimum modulation frequency for which the mix-
ing process is optimized.
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